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As free neutron targets are not available in high-energy physics experiments, the structure function Fn2 of
neutron can only be extracted by inclusive deuteron, 3He and proton deep-inelastic scattering data. We apply the
Maximum Entropy Method to determine valence quark distributions and structure function of the free neutron
at very low resolution scale Q20. The structure function ratio F
n
2/F
p
2 getting from this method is approximatively
consistent with experimental data. The Fn2/F
p
2 and dv/uv ratio calculated by Maximum Entropy Method are in
accordance with theoretical models, such as the Diquark, Feynman, Quark Model and Isgur under the limit of
x→1.
PACS numbers: 12.38.-t, 13.15.+g, 13.60.Hb, 14.20Dh
I. INTRODUCTION
Determination of parton distribution functions (PDFs) and
structure function of the free neutron is crucial in high-energy
physics [1–10], as PDFs open up a path for studying of the-
oretical predictions, standard model phenomenology and new
physics. Factorization allows for the computation of deep in-
elastic scattering and other hard scattering processes involv-
ing initial hadrons in perturbative quantum chromodynamics
(QCD) theory, which requires the information of the PDFs
in the nucleon. Since PDFs can not be given in perturbative
QCD, the widely used PDFs are extracted from the global
QCD analysis of experimental data. The initial parton dis-
tributions at low resolution scale Q20 is known as the non-
perturbative input. Since the valence quarks carries most of
the momentum of the neutron, the valence quarks play a dom-
inant role in the non-perturbative input. The non-perturbative
input is parametrized and evolved to high Q2 to fit with exper-
imental measurements in global QCD analysis.
Since the free neutron has short lifetime and neutron beams
are two low in energy or intensity, which make it impossible
to study its internal structure directly. However, as nucleons
in light nuclei, such as deuteron and helium (3He), are rel-
atively weakly bound, one can use these nuclei as effective
neutron targets during the experiment. The traditional way
to extract the neutron structure function is through inclusive
deep-inelastic scattering measurements on proton, deuteron or
3He targets. The neutron structure function is then obtained
by subtracting the known proton structure function from the
deuteron or 3He structure function. Now that the deuteron or
3He is a bound nuclear system, in order to extract the neutron
structure function, one needs to consider model dependent nu-
clear medium effects corrections, which still have large uncer-
tainty at high values of the Bjorken scaling variable x [11–13].
So far, the non-perturbative input cannot be calculated the-
oretically on account of the complexity of non-perturbative
∗Electronic address: xchen@impcas.ac.cn
QCD. There has been an attempt calculating of valence quark
distributions in the framework of the Nambu-Jona-Lasinio
model and the MIT model [14–16]. In this paper, we try to
determine the valence quark distributions and structure func-
tion of free neutron using Maximum Entropy Method (MEM),
based on some already known structure information and prop-
erties of the neutron in the QCD theory and quark model.
The Maximum Entropy originated in the statistical physics
of Boltzmann and Gibbs, as a theoretical tool for predicting
the equilibrium states of thermal systems. Maximum Entropy
is a unique and sound recipe for ensuring basic consistency
axioms when drawing inferences about distribution functions
from observations. Boltzmann and Gibbs applied it to pre-
dicting material equilibria. Shannon used it to compute chan-
nel capacities for information transmission. Jaynes used it
to frame physical problems as matters of inference[17–20].
MEM is the least biased estimate possible on the given infor-
mation. It is also used in Lattice QCD (LQCD), with reliable
results and high efficiency [21, 22]. In short, the MEM is
widely used in various disciplines.
II. A NAIVE NON-PERTURBATIVE INPUT FROM THE
QUARKMODEL
Quark model is very successful in hadron physics study and
reaction dynamics, and is a scheme that explains the quantum
numbers of the baryons and mesons by assuming that baryons
are composed of three quarks and mesons of a quark and an
anti-quark. In quark model, the neutron have three valence
quarks, which are one up valence quark and two down valence
quarks. The neutron consists of a complex mixture of quarks
and gluons in deep inelastic scattering processes at high Q2.
The initial of PDFs under extremely low Q2 value involve only
three valence quarks from the perspective of quark model. In
the view of dynamical PDFs model, the sea quarks and glu-
ons are radiatively generated from three valence quarks and
valence-like at some low resolution scale [4, 23, 24].
The solutions of the QCD evolution equations for parton
distributions of the neutron at high Q2 depend on the ini-
tial parton distributions at low resolution scale Q20. An ideal
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2hypothesis is that the neutron consists of only three valence
quarks at extremely low resolution scale Q20. Thus, a naive
non-perturbative input of the neutron contains only three va-
lence quarks, which is the simplest initial parton distributions
inputs[25–28]. All the sea quarks and gluons are radioactively
generated by the valence quarks radiation at high Q2 > Q20.
However, due to other non-perturbative components are small
quantities, the naive non-perturbative input with three valence
quarks in neutron is generally a good approximation.
We get the specific starting input scale Q20 = 0.1 GeV
2 (with
ΛQCD = 0.204 GeV fixed quark flavor number f=3) for the
naive non-perturbative input by using QCD evolution for the
second moments of the valence quark distributions [29] and
the measured moments of the valence quark distributions at a
higher Q2 [4, 30]. In perturbative QCD, the running coupling
constant αs and the current quark masses are the essential pa-
rameters. The convenient approximate formula of coupling
constant is used in our analysis. The running coupling con-
stant for the leading order is
αs(Q2)
4pi
=
1
β0ln(Q2/Λ2)
, (1)
where β0 = 11 − 2 f /3 with one-loop approximation and mo-
mentum scale Λ3,4,5,6LO = 204, 175, 132, 66.5 MeV [4]. For the
running coupling constant αs matchings, we take mc = 1.4
GeV, mb = 4.5 GeV, mt = 175 GeV [30].
Valence quark distribution functions of neutron at low res-
olution scale Q20 are parameterized to approximate the ana-
lytical solution of non-perturbative QCD in our analysis. The
simplest function form to approximate valence quark distribu-
tion of neutron is the time-honored canonical parametrization
f (x) = AxB(1 − x)C [1]. Therefore the parametrization of the
naive non-perturbative input is as follows
uv(x,Q20) = Aux
Bu (1 − x)Cu ,
dv(x,Q20) = Adx
Bd (1 − x)Cd . (2)
In quark model, the neutron has one up valence quark and
two down quarks. Therefore, the valence sum rule for the
naive non-perturbative inputs as follows∫ 1
0
uv(x,Q20)dx = 1,
∫ 1
0
dv(x,Q20)dx = 2. (3)
For the non-perturbative initial input, valence quarks take the
total longitudinal momentum of the neutron. We have the mo-
mentum sum rule for valence quarks at Q20,∫ 1
0
x[uv(x,Q20) + dv(x,Q
2
0)]dx = 1. (4)
According to Quark-Parton model, the structure function of
nucleon is written as
2xF1(x) = F2(x) =
∑
i
e2i x fi(x), (5)
which is called the Callan-Gross expression [31]. Where i
is the flavor index, ei is the electrical charge of the quark of
flavour i (in the unites of the electron charge), and x fi is the
momentum fraction of the quark with flavor i.
III. STANDARD DEVIATIONS OF QUARKMOMENTUM
DISTRIBUTIONS
Color confinement is a typical feature of strong interaction,
which means all quarks and gluons are confined in a small
region of space. Confinement of quarks is a basic feature in
Non-Abelian gauge field theory [32]. According to Heisen-
berg uncertainty principle, the momentum of quarks in the
neutron are uncertain, which have a probability density dis-
tributions. Heisenberg uncertainty principle is written as
σXσP ≥ ~2 . (6)
The uncertainty relation is σXσP = ~/2 for a quantum har-
monic oscillator in the ground state in quantum mechanics. In
order to constrain the standard deviation of the quark momen-
tum distributions, σXσP = ~/2 is assumed for the three initial
valence quarks in our analysis instead of σXσP > ~/2. σX is
related to the radius (R) of the neutron, which is 0.862 fm [33].
A simple estimation of σX is σX = (2piR3/3)/(piR2) = 2R/3,
σX of each d valence quark is divided by 21/3 as there are
two d valence quarks in the spatial region. Then we have
σXu = 2R/3 and σXd = 2R/(3 × 21/3) [30, 34].
Bjorken scale variable x is the momentum fraction of one
parton to the neutron. Hence, the standard deviation of x at
extreme low resolution scale Q20 is defined as follows
σx =
σP
P
. (7)
P is the momentum of the neutron. It is worth noting that nat-
ural unit is used in all the calculations in this work. Finally,
constraints for valence quark distributions from color confine-
ment and Heisenberg uncertainty principle[30] are written as√
< x2u > − < xu >2 = σxu ,√
< x2d > − < xd >2 = σxd ,
< xu >=
∫ 1
0
xuv(x,Q20)dx,
< xd >=
∫ 1
0
x
dv(x,Q20)
2
dx,
< x2u >=
∫ 1
0
x2uv(x,Q20)dx,
< x2d >=
∫ 1
0
x2
dv(x,Q20)
2
dx.
(8)
IV. MAXIMUM ENTROPY METHOD
By applying MEM, one can get the most reasonable va-
lence quark distributions from the constraint equations dis-
cussed above. The generalized information entropy of valence
3quarks is followed as
S = −
∫ 1
0
[uv(x,Q20)ln(uv(x,Q
2
0))
+ 2
dv(x,Q20)
2
ln(
dv(x,Q20)
2
)]dx.
(9)
When the entropy S is maximum, the most reasonable non-
perturbative initial quark distribution function will be given.
With the constraints given in Eqs. (3), (4) and (8), there is
only one free parameter left for the parameterized naive non-
perturbative input (2). We choose Bu as the only one free
parameter. Fig. 1 shows the information entropy of valence
quark distributions of the neutron at the starting scale Q2 as
a function of the parameter Bu. Through the MEM, entropy
S is largest at Bu=0.78048. The corresponding valence quark
distributions are as follows
uv(x,Q20) = 16.57910x
0.78048(1 − x)3.26687,
dv(x,Q20) = 8.67764x
0.36877(1 − x)1.51109. (10)
uB
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FIG. 1: (Color online) Information entropy S is plotted as a function
of the parameter Bu.
V. RESULTS
The parton distributions in the neutron are evaluated dy-
namically starting from three valence quarks input at the low
scale. By performing DGLAP evolution equations with the
GLR-MQ-ZRS corrections [28, 35–40], valence quark distri-
butions at high scale can be determined with the initial in-
put Eq. (10). With DGLAP evolution equations by the GLR-
MQ-ZRS corrections, the obtained naive non-perturbative in-
put can be tested with the experimental measurements at high
Q2.
Fig. 2 shows the momentum distributions about the pre-
dicted up and down valence quark, sea quark and gluon, mul-
tiplied by x, at Q2 = 12 GeV2.
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FIG. 2: (Color online) Our predicted valence quark, sea quark and
gluon momentum distributions at Q2=12 GeV2.
The unpolarized structure function F2(x) is directly related
to the quark distribution functions. Since valence quarks dom-
inate in large x region, F2(x) at large x is mainly from con-
tributions of valence quarks. As free neutron targets are not
available, the structure function of free neutron can not be
given experimentally. By the MEM, we can get the free neu-
tron structure function. Fig. 3 (Up) presents the predicted Fn2
as a function of Bjorken scale variable x, which only includes
the contribution of valence quark. Fig. 3 (Bottom) shows
predicted Fn2 , which also includes the contribution of the sea
quark at at small x.
The ratio of structural functions Fn2/F
p
2 depends on the
quark distributions. In large x region, Fn2/F
p
2 is mainly re-
lated to the up and down valence quark distributions. Fig. 4
shows the predicted structure function ratio Fn2/F
p
2 from va-
lence quarks contribution only (dashed line) and including the
contribution of the sea quarks (solid line) as a function of
Bjorken scale variable x. The dashed line denote F2 ratios
of neutron to proton which is calculated without contributions
of sea quarks. The obtained F2 ratios of neutron to proton
(solid line) are shown with experimental data, which includes
the contribution of the sea quark. It is obvious that sea quark
made a great contribution in the low x region. In Fig. 4, NMC
data (open squares) is taken from [41]. Data from J. Arring-
ton et al are corrected for the nucleon motion only (circles)
[6]. The full squares(blue online) show Fn2/F
p
2 extracted from
the deuteron in-medium correction (IMC) [12].
In Fig. 4, one can find that the obtained Structure function
ratio Fn2/F
p
2 is in nearly consistent with the experimental data
in x region (1 > x > 0). In x less than 0.2, the sea quarks
accounted for a great contribution (solid line). On the whole,
our result is basically consistent with the experiments in spite
of a small discrepancy. The discrepancy is maybe due to the
over simplified assumption of the naive non-perturbative in-
put. Further to that, the traditional method of extracting the
neutron structure function is obtained by extracting the known
proton structure function from the deuteron or 3He structure
function. These extractions of neutron structure functions are
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FIG. 3: (Color online) (Up) The predicted Fn2 as a function of
Bjorken scale variable x, which only includes the contribution of va-
lence quark. (Bottom) Considering the contribution of sea quark at
small x.
done under the assumption that the deuteron or 3He is weakly
bound and therefore can be approximated as a free neutron-
proton pair. The problem in this operation is that the deuteron
or 3He, even if only weakly bound, is not a real free neutron-
proton system. To extract structure function information of
neutron from the deuteron or 3He one needs to make some
nuclear medium corrections, such as EMC effect, Fermi mo-
tion and binding as well as short range correlation, relativistic
and off shell corrections[11, 42–45]. In fact, these theoretical
corrections are still an approximation, which do not represent
a true free neutron.
Up and down valence quark ratio dv/uv is extracted in neu-
trino DIS and charged pi semi-inclusive DIS processes. The
dv/uv ratio we obtained is shown in Fig. 5 with different Q2.
The dv/uv ratio is equal to 0 with the limit x→1.
In Table 1, We show the Fn2/F
p
2 and d/u ratio compare with
the predictions from different theoretical models under the
limit of x→1. We define the ratio of the neutron and proton
F2 structure functions as Rnp(x) = Fn2/F
p
2 . There are sev-
eral theoretical predictions for Fn2/F
p
2 [10] based on symme-
try arguments that determine the dominant contributions as
x→1, including Fn2/F p2 =2/3 for exact spin-flavor SU(6) sym-
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FIG. 4: (Color online) The obtained structural function ratio Fn2/F
p
2
(solid line) are shown with experimental data, which includes the
contribution of the sea quark. The dashed line denote F2 ratios
of neutron to proton which is calculated without contributions of
sea quarks (Including only the valence quarks contribution). NMC
data (open squares) is taken from [41]. The analysis data by J. Ar-
rington et al are corrected for the nucleon motion(circles)[6]. The
full squares show Fn2/F
p
2 extracted from the deuteron in-medium
correction(IMC)[12]. The errors of experimental data are the total
uncertainties.
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FIG. 5: (Color online) Our calculated dv/uv ratio with different Q2.
metry [46], 3/7 assuming helicity conservation through hard
gluon exchange [47], and 1/4 when SU(6) symmetry is bro-
ken through scalar diquark dominance [48, 49]. The curve
of Fn2/F
p
2 from MEM shows R
np decreases approximately lin-
early Rnp(0) ≈ 1 to Rnp(1) ≈ 1/4, as can be seen in Fig. 4.
The fact that Rnp(0) ≈ 1 may be explained by the presence of
a large amount of sea quarks in the low x region. The value
of the dv/uv ratio is equal to 1 under the limit of x→1. We
find that the Fn2/F
p
2 and dv/uv ratio consistent with theoretical
models which are the Diqyuark, Feynman, Quark Model and
Isgur under the limit of x→1.
5TABLE I: Comparisons of our obtained Fn2/F
p
2 , dv/uv ratio with the
predictions from different theoretical models under the limit of x→1.
Fn2/F
p
2 dv/uv
SU(6) 2/3 1/2
Perturbative QCD 3/7 1/5
Quark counting Rules 3/7 1/5
Diquark / Feynman 1/4 0
Quark Model / Isgur 1/4 0
MEM 1/4 0
VI. SUMMARY
Determining valence quark distributions from MEM helps
us to understand the structure information of the neutron, and
to search for more details of the neutron. Our analysis is
based on the parton distribution function at initial evolution
scale Q20 = 0.1 GeV
2. At this initial input scale, the naive
non-perturbative input of neutron consist of only three va-
lence quarks. Valence quark distributions and structure func-
tion of free neutron are given by MEM. This is an interesting
attempt of determining parton distribution functions and struc-
ture function of free neutron using a clean method rather than
extracted from the deuteron or 3He. The obtained structure
function ratio Fn2/F
p
2 is nearly consistent with the experimen-
tal data in x region (1 > x > 0) from high energy lepton probe.
It can find that the Fn2/F
p
2 and dv/uv ratio obtained by MEM
are consistent with theoretical models, such as the Diqyuark,
Feynman, Quark Model and Isgur under the limit of x→1.
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